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The two-body problem for the metric of Nordtvedt

Brendan Breent

Mathematics Department, Imperial College of Science and Technology,
London SW7 2RH, UK

MS received 6 September 1972

Abstract. The postnewtonian n-body equation for the general metric expansion of Nordtvedt
is derived. By taking n = 2, the advance of the periastron and the motion of the centre of
mass in the two-body problem are examined. This enables the formulae for these effects to
be found in the Brans-Dicke and Nordtvedt scalar-tensor theories.

1. Introduction

The idea of considering relativistic gravitational tests in terms of general metric
expansions has received some attention during the past few years. This is based on the
work of Schiff (1967) and others who expanded the metric of a single body in terms of
the dimensionless quantity m/r where m = GM/c? is the geometrized mass of the body
and r the radial distance from it. If the metric is of the form

ds? = g,, dx* dx”, wy=0,1,23,

with signature (+1, — 1, —1, — 1), then the expansion is:

2
m m
=1-20—+28|—| + ...,
Zoo =1 ocr+ 'B(r) +
Zor =0, k=123, (1)

gu = ~(1-|-2y—':1)5k,+..., k=123,

where «, § and y are dimensionless constants whose values depend on the particular
gravitational theory being considered. Using this expansion theoretical formulae for
relativistic tests are calculated in terms of o, 5, y and other constant factors (see Nordtvedt
(1968) for a summary of these). Experiments are looked upon as a means of determining
the values of «, ff and vy rather than as agreeing or disagreeing with a particular theory.
For example, the test involving the measurement of the time delay of a radar signal
reflected by a planet and passing close to the Sun determines a value for (¢ + y). Recently,
Shapiro and his colleagues have made an accurate determination of this expression
(Shapiro et al 1971). For a systematic treatment of this approach to experimental
relativity see Thorne and Will (1971).
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Nordtvedt (1969) has extended the above metric by writing down a general post-
newtonian expansion for # moving bodies. He used this to examine an effect which
does not arise in general relativity, that is, the violation of the equivalence principle by
massive bodies. In the present paper the postnewtonian n-body equation of motion
for Nordtvedt’s metric is derived. A special case of thisequation is then used to examine
the two-body problem for this general metric.

2, The postnewtonian metric expansion

The generalization of equation (1) to # moving sources in the postnewtonian (ie ¢~ 2)
approximation given by Nordtvedt (1968, 1969) is as follows:

g00=1—2a;r—rj—i— (Z———) +u LYo

L i)
raL - MZ la o m{(r ini}z 2
=T T }
gu = -(1+2v2] — |) (2¢)

where m;, r;, v; and a, are respectively the geometrized mass position, velocity and
acceleration of the ith source (i = 1,...,n),v? = |v)}*, and y, o, o”,«”, Aand A’ are further
dimensionless constants taking specific values for a particular gravitational theory.
Note that the ¢ term in equation (24) is different from that given by Nordtvedt (1969).
This is because Nordtvedt (1968) wrote the term in the two-body case as

L mym, ( 1 1 )
+ )
lry—rol\lr—ri|  r—r,

and seems to have assumed that the n-body generalization of this is

w3yt I( L, 1}|),

i )#l ‘r‘ri| |r—r-

which is easily seen to be false. The true generalization is that given in equation (2a), and
it is straightforward to check that Nordtvedt’s expression is twice as large as this.
However, this does not seem to affect any of Nordtvedt’s results.

The A’ term in equation (2b) can be made to vanish by the gauge transformation
(Nordtvedt 1970):

Apart from eliminating the A’ term, this also has the effect of making the following
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changes in the other parameters:
A_)A_A/’ X——)X—gAl’ d//_)a//_ZA/’ a///_)a///_gA/'

This shows that the individual parameters do not have a direct physical significance,
since they are coordinate dependent. Only certain combinations of them will be
measurable. Choosing a particular value for A’ is equivalent to adopting a gauge in
which to work. Hence, from now on A’ will be taken to be zero.

For each gravitational theory there is a set of values for the parameters in the post-
newtonian metric. For example, in general relativity the parameters take the values:

o=f=y=d=ad"=o0"=y=A=1. (3)

(see Einstein et al 1938, Eddington and Clark 1938).
On the other hand, in the Brans-Dicke theory the values are:

o I+w 4

V= 24w’ “)
Y 3+2w

A=ol= 4+2w)’

where w is the dimensionless constant of the theory, w ~ 5, (see Estabrook 1969,
Nordtvedt 1970), and in the Nordtvedt scalar—tensor theory the values are:

a=o"=y=1,
_ 1+w
"= 250
R 3+2w
A=u _(4+2w), )
P 20
T A 20) 3+ 20)7
wV
S
b= e G207

where o = dw/d¢ and ¢ denotes the scalar field (see Nordtvedt 1970).

It may be noted in passing that « must be equal to unity for any theory which is to
agree with newtonian theory in the static weak field limit. But, for generality, « is retained
explicitly.

3. The n-body equations

Only gravitational theories which can be expressed in geometrical terms are being con-
sidered here and so it will be assumed that the equations of motion of test particles are
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geodesics of the space—time. These are obtainable from the variation,

0=5jds,

which can be written

0= 5J~(guv dx* dx")'/2

=4 fdt(czgoo +2cg o 0% + g v M2, (6)

where ¢ is the coordinate time and v* = dx*/dt. It is convenient to write equations (2) as
oo = 1+hG3+ A,
the superscript denoting powers of ¢~ 2,

gox = Mok
and
gy = —(1—h)dy,.

Then equation (6) becomes, to a sufficient approximation,
I WL nen Ly 17,01
0= 5cht 1—~E~—~ —+= (h00+h )—811 + hOkv + = (h+ 1hid] - (7)

Carrying out the variation the following vector equation of motion is obtained:

dvld

d
i 2 dt(v v)+ c—B(r) = —*VA(r)—cV(B.v)+5v*VC (8)

d
g (W) —c

where
A = Y03+ HE) — $hi"
B=(h oxahozahos)a ©
C= —(h+3h).

Using equations (2) (with A’ = 0), equations (9) become:

A= —ay ”"'+(ﬁ—-°‘2—2)(2 ) DI

i Ir—'rii i ]*1 V| lr_r|

lr—

ca; 24" ;2

z Z Zczz—-’ll—s’

~r)

2c22

r—r1

- S

lr—rl

and

m;
C= (a+2}))z\r—r.|'

Substituting these into equation (8) gives the desired equation of motion. By using the
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newtonian approximation, which in this case is

mc*(r — r)
IV_"i|3

ay= —oy

H

where appropriate, the equation of motion can be written in the form

—(2B+2a) Y lrmf 2y ——+ 20v? + 0 — A . 1,
J

—r| ke
) g2
_Ea”’{(r r)- v} r).ai}) +Z{(a+2?)v—4Avi}

K mir—r).(v—v)
e 2 T e

\V_"iP

i lr—r; lr—r

+a Z——_W ve_ s mdlemrd oo rri)‘;v} (4A——) Yo (10)
The newtonian value for a; may be substituted in the right hand side of equation (10).
On substituting the values for the parameters given by equation (3), equation (10)
gives the equation of motion in general relativity, in agreement with the result of
Eddington and Clark (1938). The corresponding equation in the Brans-Dicke theory
is obtained when the values of the parameters from equation (4) are substituted into
equation (10). This agrees with the equation found by Brans (1962) and Estabrook
{1969). Finally, the equation in the Nordtvedt theory can be obtained by using equation
(5), namely,

3 mir—r) e 6+4w 20 mc?
=157 o @Gt20)3+20) %:|r—rj|
’ 2
i+ 2w i mc 3+2w s I+w o2
@ 20)(3+20) RAPETE 1o
6+ 4w 3{r—r).v;}*
( 2+w)v'vi 2 Jr—r)? _5{( + Z |r r|3

6+4w 443w :l 10+ 7w
xl:(r ri)'{(Z%—a) "\57 e )] Tl a2
Note that equation (11) immediately reduces to the Brans—Dicke equation of motion
when ' = 0, and to the general relativistic equation when o’ = 0 and w = 0.
Equation (10) gives the postnewtonian equation of motion of a test particle in the
gravitational field of n point masses. For later applications it will be convenient to have
the equation of motion of one of the masses in the gravitational field of the other (n—1)
masses. Equation (10) can be extended to cover this case by writing » = r;, v = v, and
a = a; and dropping any self-contributions (ie infinities) which occur on the right hand
side of the equation. The equation then becomes

Kzilri—

m.a

)Z L (11)

T r—r

_ 2 2
ai=-—zmj(ri r) ac? = (2B +20y) 3. s —ao Y T +2oc”vz+yv —4Av; . v;

j#i |ri— J|3 kzi Ih—ry k#:}' —ry

" — 12
’_E“ {0 VJ)I;”J} _%{(ri—rj).aj} + 2 {(@+2y)p,—4Av}}

J#i
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xmj(ri_rj)'(vi“vj)+a z mj{(ri—rj)'vi}vi

|"i“"j|3 j#i |"i—"j‘3

mjaj

Y M+(4A-K) » (12)

jEi |"i‘"j 2 j?ﬁilri—rj"

4. The two-body problem

The formulae in general relativity for the two effects to be considered here are well known :
(i) the advance of the periastron of the relative orbit of the two bodies is the same as that
for a test particle orbiting a single body with a mass equal to the sum of the masses
of the two bodies (Fock 1959); (ii) there is no secular acceleration of the centre of mass
(Eddington and Clark 1938). Use is now made of a special case of equation (12) to
calculate the corresponding formulae for the general metric of Nordtvedt.

Firstly, the equation of motion of each body in the gravitational field of the other
has to be found. From equation (12) it follows that the acceleration of a body (subscript 1)
in the field of another body (subscript 2) is

2 ’ 2
—_ m,c*  om,c
a, = z3 12502 — (2B + 20y) —2— — —— 4 2" v} + v —4Av, . v,
iz Fi2 12
3, (r,.v))% oy mc? v
SO LLE VN Gl BUTPIG S W LIt
2 ri, 2 r, EP)
My(ria  v1)0y |, My(Fy; . 0)0, x\mymac?
— 3 +o 3 — ol 4A =S ——3"—r1,, (13)
rlz rlZ 2 7'12

where ry; = (ry—ry), rip = Iry—ryl, vy, = (v;—0y), vy, = dry,/ds, and use has been
made of the fact that r,, . v, = r,v{,. Also the newtonian approximation for a, has
been used, namely,

myci(ri—r,) om, ¢
a2 = _ - 3 r12.
ry~ o) iz

The equation for a, can be obtained by interchanging the subscripts 1 and 2.
The position of the centre of mass is defined by

1
Fo = E(mlrx"'mzrz), (14)
where m = m, +m,. Consequently,
1
ay = ;(ml‘h“'mzaz)- (15)

It is clear rrom the equations for a; and a, (equation (13) and its counterpart) that

a, = O(c™?).
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If the frame of reference is chosen to be instantaneously moving with the centre of mass,
then the velocity of the centre of mass

v, = O(c™?).

Hence, from equation (14),

1

—(mv, +m,r,) = Oc™2).

m
Therefore,

My s
= —-—= O

vy " v, +0(™),
and

v, = ﬂ1)12-+-O(c"2).

m

Using these, equation (13) can be further reduced to

— (@ +da)”

m,¥
a, = 12(occ — 2B+2a/)
Fi2 F12

7'12

3 1
—Ecx ::év (2a” 2+4Am1m2+ym2)v12)
2“12 11
r12 ( +2 )Tn“‘T_4A + ——O( mz 1)12. (16)

Again a, is given by interchanging the subscripts 1 and 2.

5. Advance of the periastron

In order to calculate this effect the equation of the orbit of one of the bodies relative to
the other has to be found. The relative acceleration of body 2 with respect to body 1 is,
using equation (16) and its counterpart,

ay; =4a;—
20,2 2
cmi+m m
= —%ﬁ(amcz—(2[3+2w)~———~—( 1 m3) (2e + 8ot A) el
Fi2 Fi2 Fia
m?—m,m, +m?2 m,m 3 mm
+,yv%2 1 1772 2+(2a”+4A) 1 Zv%Z__am 1 20%2)
2 m
2 2 2
v m? +m? m,m mi—mom,+m Lmym
+¥v12((a+2y) e A R A 2).
s m m m

(17)

It may be noted that, since @,, = 0 wherever r,, = 0 and v,, = 0, the relative orbitisa
plane to order ¢~ 2. On changing to polar coordinates (r, #) centred on body 1 and lying
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in this plane, the vector equation (17) can be written as the following two scalar
equations:

1 2 2
F—r0? = —r—z(ocmc2 —(28+ Zay)czm—1+—mz—- (20 + 8aA)c? m—l:ﬁz—

2 2
3 w2 M +m;

(fz+r292)+(2oc”+4A—y)—-~m;1mz(f2 +r292))

2
.2 2 2
+%((2a+2y)w+(8A—a"'—a)w), (18)
r m m
and
1 X : 2 2
Ldag o 0 (2a+2y)m+(m—a"'—a)%). (19)
r dt r m m

Integrating equation (19) in the newtonian approximation gives 726 = h+O(c~?),
where h is a constant. Using this result, equation (19) can be integrated in the post-
newtonian approximation as

On writing u for 1/r, using equation (20) and the fact that

d?u mc? _
TR s O(c™?), (21)

equation (18) becomes,

d2 2 2 m
d—(;—f—u = oc-r%cz-—f—u((%zz+2ay—2ﬁ)%(mf+m§) —o—{20((4A—oc”’~oc)—2oc’}c2m;l2 2
mi +m3 My,
+u2(y—1*~2+(2a”+4A—y)
m m
du 2 m2+m2 '’ Yiia nl m
+(@) (y 1m 240 +4A—y—ta )—-lm—z. (22)

This is the equation of the relative orbit.
The motion of the periastron of this orbit will now be calculated. From equation (21)
it follows that,

2

w= a%(l—i—ecos §) + O(c™2), \ (23)

where ¢ is the eccentricity of the orbit, and the origin of 8 has been chosen so that the
line # = 0 is directed along the line of the periastron of the relative orbit of the two
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bodies. On substituting equation (23) in the right hand side of equation (22), it is found
that

d?u mc? ¢ order c-?
W-%—u = och—2+constant terms of order ¢

4
+ecos B a%—[(412+4x7—2[3)(m§+m§) + {20(8A — o+ 20" — & — y) — 20/ Ymym, |

+terms in €2 sin? @ of order ¢~ 2. (24)

By noting that the particular integral of

d2

~—u+u = Acosb
) d6?
is

u=1A40sin 6,

it can be deduced from equation (24) that,

2

me? f A,
U= o 1+ ecos 0+e\{2a(a+y)—ﬁ}v}7(mi+m2)

2
c
+{BA—o+2a" — "~ y)—-oz’}ﬁmlmz

0 sin 9}

+ constant and periodic terms of order ¢ %+ O(c ™).

From which it follows that the angular advance of the periastron, per revolution, is

m2c?| m? +m?
27'5—"]/1—2“ {20((0(+7)—[3} L 2

o ((BA o+ 20— =)~ -’%’;%) (25)

It can easily be seen that, if the relation
AH8A —a+20" —a" —y)—a = 2{2u{ot+y)— B} (26)

holds between the parameters, then the expression in the large bracket of equation (25)
is a perfect square. If this is so, then the motion of the periastron is of the same type
as in general relativity, that is, the advance is the same as for a particle orbiting a single
body of mass m, +-m,. Equations (4) and (5) show that relation (26) holds in both the
Brans-Dicke and Nordtvedt scalar—tensor theories. It therefore follows that in all three
theories the advance of the periastron can be written in the form 2nc?K(m, +m,)2/h?,
where K = 3 in general relativity, K = (4 + 3w)/(2+ w) in the Brans-Dicke theory and

_ 4+ 3w w'

T 240 (4+20)(3+2w)?

in the Nordtvedt theory.
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6. Motion of the centre of mass

The secular acceleration of the centre of mass in the two-body problem will now be
calculated to order ¢~2. From equation (15) the acceleration of the centre of mass a, is

a, = ‘r;l‘(m1a1 +m,a,).

On substituting from equation (16), and its counterpart for a,, it is found that

2
3
(2B + 20y —of — o) T+ (2" =)ol — 50},
12

a 2

- mimy(my —my) [#yy
™ 3

12

+Qu+2y—dA+ a"')”lrzT”“} +O(c™ 4. 27)
12
By changing to the polar coordinates centred on body 1, defining x = rcos 0 and
y = r sin ¢ with similar definitions for x, and y,, using equations (20) and (23) and the
fact that
2
% = —a%sin 0+0(c™?),

and
mc?
ocT(s +cos 6)+ O(c™ ),

y

equation (27) can be written as

. 4
% = mymy(m, —mz)oc-;—3{(2/3 + 20y — o' —4oA) cos O(1 + € cos 0)
+ (20" — v) cos O(1 + €* + 2e cos 0) — S’ e* sin? § cos O
—a(2a+2y —4A+a")e sin® 6} + O(c ™), (28)
and
dy, c* o .
48 = mmy(m, — mz)aﬁ{(2ﬁ+ 20y — o' — 4aA) sin 0(1 + € cos )

+ o2e” — y) sin O(1 + € + 2e cos §) — 2aa”e? sin> 0
+ o0+ 2y —4A + o) (e + cos 0) sin 6} + O(c ™ %). (29)

The secular increase in the velocity of the centre of mass per revolution is found by
integrating equations (28) and (29) from 0 to 2. It is easily seen that there is no change
in the y, component. The increase in the x, component is

4
mym,(m, — mz)}% en{o(2B — 20y — o' + 4ot — " — 20%)}. (30)

By the choice of coordinate system the secular acceleration (equation (30)) is directed
towards the periastron of the smaller or the larger body as the expression in the curly
brackets is positive or negative.

As Eddington and Clark (1938) have pointed out a zero result for this secular accelera-
tion is desirable on general physical grounds. Equation (3) shows that the acceleration
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is zero in general relativity in agreement with Eddington and Clark’s result. Equations
(4) and (5) show that a zero result is also obtained in the Brans—Dicke and Nordtvedt
theories. However, this zero value is certainly not a conclusion to be expected in every
gravitational theory since equation (30) involves 6 of the 8 postnewtonian parameters.
If a result of this type is to be regarded as desirable (ie as a necessary condition to be
satisfied by a gravitational theory) then it places a definite restriction on the types of
postnewtonian metric which are acceptable.
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